constrained trajectory optimization problems are usually difficult to solve. Due to some real-world requirements, a typical trajectory optimization model may need to be formulated containing several objectives. Because of the discontinuity or nonlinearity in the vehicle dynamics and mission objectives, it is challenging to generate a compromised trajectory that can satisfy constraints and optimize objectives. To address the multiobjective trajectory planning problem, this paper applies a specific multiple-shooting discretization technique with the newest NSGA-III optimization algorithm and constructs a new evolutionary optimal control solver. In addition, three constraint handling algorithms are incorporated in this evolutionary optimal control framework. The performance of using different constraint handling strategies is detailed and analyzed. The proposed approach is compared with other well-developed multiobjective techniques. Experimental studies demonstrate that the present method can outperform other evolutionary-based solvers investigated in this paper with respect to convergence ability and distribution of the Pareto-optimal solutions. Therefore, the present evolutionary optimal control solver is more attractive and can offer an alternative for optimizing multiobjective continuous-time trajectory optimization problems.
I. INTRODUCTION
O VER the past couple of decades, trajectory optimization problems have attracted a large amount of attention due to their increasing significance in industry and military fields [1] , [2] . Generally, this type of problem aims to find the optimal state and control sequences so as to optimize the predefined performance index. Relative works on this topic can be found in various scientific and engineering applications, such as agent/robot trajectory planning [3] , [4] , autonomous vehicle optimal path design [5] , and spacecraft optimal control systems [6] - [8] . More precisely, Rucco et al. [2] proposed a time-optimal trajectory generation strategy for a multibody car model. Narayan et al. [1] solved a fixed-wing unmanned aerial vehicle trajectory planning problem by embedding human expert cognition. In addition, the trajectory generation problem for a class of wheeled inverted pendulum vehicles was studied and reported in [9] . Besides, an optimal spacecraft Sun-Earth orbital transfer trajectory was designed by applying a hybrid invariant manifold method [6] . Similarly, the low computational cost orbital transfer path was generated by Peng and Wang [7] , wherein an adaptive surrogate optimization technique was constructed. In their follow-up research [8] , an emergency transfer trajectory design mission was considered and solved via a fast surrogate-based optimization method. Although many optimization strategies have been designed for trajectory planning problems, it is still challenging to generate the optimal or near optimal state and control trajectories under a highly constrained environment.
Since it is difficult and unrealistic to obtain an analytical solution from a nonlinear continuous-time system, discretization methods are usually employed to solve trajectory planning problems with constraints. For discretization techniques, one effective technique which has been applied in practical problems is the single shooting method. In a shooting scheme, only the control variable is parameterized. Then numerical integration techniques (e.g., the Euler method) are applied to satisfy the differential constraints [10] . Another well-known methodology is the collocation method (e.g., the pseudospectral techniques). Three well-developed collocation methods are the direct collocation (DC) method [11] , the Chebshev pseudospectral method [12] , and the Gauss pseudospectral (GP) method [13] . Unlike shooting techniques, collocation methods parameterize both the control and state variables. Subsequently, the continuous-time optimal control problem is discretized to a nonlinear programming problem (NLP) which can be addressed via effective nonlinear optimization techniques.
In the recent decade, evolutionary-based optimization techniques have become popular and have been widely implemented to address optimal trajectory design problems. Compared with traditional gradient-based algorithms, evolutionary algorithms do not require initial guess values since the initial population is chosen randomly, and it is more likely than gradient approaches to find the global optimal solution [14] . Furthermore, there is no derivative information required in a heuristic approach, which means it will not suffer from the difficulty of constructing the Jacobian and Hessian matrix. Contributions made to apply these approaches in optimal control can be found in [15] - [20] . For example, in [15] , a constrained space plane re-entry trajectory design problem was addressed by using a genetic algorithm (GA), whereas Subbarao and Shippey [16] combined a hybrid GA with a collocation method in order to analyze an Earth-Mars orbit transfer problem. Kim and Lee [17] generated the optimal trajectory for robotic manipulators based on particle swarm optimization (PSO). Conway [18] combined evolutionary algorithms with DC to create a bi-level structural optimal control solver. An enhanced differential evolution method was constructed in our previous work to approximate the optimal flight trajectory [19] , where a simplex-based direct search mechanism was embedded in the algorithm framework. Besides, a detailed analysis and comparative study between different optimization techniques for solving an aeroassisted vehicle orbital hopping trajectory design issue can be referred to [20] .
The problem addressed in this paper is a multiobjective optimal trajectory design for the spacecraft in the re-entry phrase. For general engineering multiobjective problems, the evolutionary multiobjective optimization (EMO) methodology has been illustrated as a promising tool to analyze the relationships between objectives and calculate the Pareto front [21] . New techniques based on EMO have been widely studied during the past decades [22] - [26] . For example, Roy et al. [22] developed an optimal path control strategy for solving general multiobjective optimization problems. Ji et al. [23] designed a modified NSGA-II algorithm to address a multiobjective continuous berth allocation problem. Elarbi et al. [24] proposed a decomposition-based EMO technique, along with a novel diversity factor, for handling manyobjective problems. Moreover, an enhanced many-objective PSO method was proposed in [25] , wherein a two-stage strategy was designed so as to better balance the convergence and diversity of the approximated Pareto solutions. Furthermore, in [26] , a constraint consensus-based mechanism, together with a new mutation operator, was studied for solving multiobjective benchmark problems. However, most of these EMO techniques cannot be directly applied to solve the multiobjective spacecraft trajectory design problem. This is because most of these works only targeted at unconstrained problems or problems with algebraic equality and inequality constraints. If an EMO is employed to calculate the multiobjective optimal spacecraft trajectory, a proper treatment of the continuous-time differential constraints is also required. To do this, in this paper, a novel NSGA-III-based optimal control solver is designed and applied to solve a multiobjective spacecraft trajectory optimization problem. So far to the best of the author's knowledge, there is no adequate work that has been reported to investigate the multiobjective re-entry trajectory design problem, and the NSGA-III-based algorithm has not been applied to this kind of problem before. Hence, this paper is an attempt to address these concerns.
The main contributions of this paper include the following aspects.
1) The spacecraft trajectory optimization problem established in [27] is reformulated and extended to a new multiobjective re-entry optimal control model. Various path constraints, including the control rate and obstacle avoidance, are considered in the optimization process.
2) The original NSGA-III algorithm is extended by embedding a discretization scheme such that this integrated computational framework can have the capability of handling system dynamics and producing optimal trajectories for the multiobjective spacecraft optimal control problem. 3) Different constraint handling algorithms are embedded in the proposed framework to deal with various mission constraints. The performance of these strategies is analyzed in detail. The constraint-handling strategy, with the best found performance, is suggested to solve the investigated application problem. 4) The multiobjective re-entry optimization model, together with the extended NSGA-III algorithm, is tested for different mission scenarios. Experimental results are verified and compared with other EMOs based on the performance indicators established in the multiobjective domain. This paper is constructed as follows. In Section II, a newly established trajectory optimization model is extended to a multiobjective optimization formulation. Following that, Section III presents the discretization technique and the main framework of the extended NSGA-III for solving the discretetime nonlinear programming model. Section IV constructs several constraint handling strategies. Case studies and comparative simulation results are presented in Section V. In Section VI, the influences of some important parameters with respect to the optimal result are analyzed. Finally, the conclusions are drawn in Section VII.
II. PRELIMINARIES AND PROBLEM FORMULATION
A typical multiobjective optimal control problem with the consideration of state boundary and path constraints can be formulated as follows.
It is desired to obtain a control function u(t) ∈ R u such that the multiple objective functions/performance indices can be minimized
in which M denotes the number of mission objectives; x(t) ∈ R x represents the state variable which is required to satisfy the dynamic constraintṡ
the state boundary constraints
and the state and control path constraints
A. Multiobjective Spacecraft Trajectory Optimization Problem
The overall objective of the spacecraft trajectory optimization problem studied in this paper is to generate a constrained optimal flight trajectory, for a given vehicle, to strike the predetermined terminal condition in maximum or minimum performance indices. The performance index defines optimality, which is mission-dependent and typically designed by the mission planners. In most cases, equality and inequality constraints are adhered to the equations of motion, such as variable box constraints, no-fly zones, and mission specified path restrictions. These limitations are usually modeled into equations and employed to search the optimal control sequence. Therefore, the first step is to formulate the continuous-time spacecraft optimal control optimization problem used throughout this paper.
B. Dynamics
The dynamics of the spacecraft, together with the initial boundary conditions, are given by the following system of [19] , [28] :
where r stands for the distance from the center of the Earth. θ and φ stand for the longitude and latitude, respectively. V represents the speed, while γ denotes the flight path angle. ψ represents the azimuth angle, whereas m is the mass of the spacecraft. The angle of attack α and bank angle σ are the two control variables. g is the gravity acceleration. For simplicity reasons, the dynamic equations described in (5) is abbreviated asẋ = f (x, u), x(0) = x 0 , where x ∈ R 6 and u ∈ R 2 . L(α, ρ) and D(α, ρ) are the lift and drag forces, and they are functions of α and the density of the atmosphere ρ. The simplification of the atmosphere model is given by ρ = ρ 0 exp ((r − r 0 )/h s ), in which ρ 0 is the density of atmosphere at sea level, whereas h s denotes the density scale height.
C. Motivation and Mission Objective
It is worth mentioning that most existing spacecraft trajectory design works are targeted at single-objective problems. However, in reality, for optimal trajectory design, a lot of missions may have multiple mission requirements. These objectives must be frequently considered during the path planning phrase, and this brings the development of multiple objective trajectory optimization techniques.
For the re-entry trajectory optimization problem investigated in this paper, four competitive objective functions are considered so as to take more real-world requirements into account (e.g., J = [J 1 , J 2 , J 3 , J 4 ]). The first objective function to be optimized is the cross range value, i.e., the terminal longitude φ(t f ). A larger cross range value is usually desired, and this can be an important indicator to measure the entry flying ability of the space vehicles. In addition, minimizing the total aerodynamic heating and the heat flux is also chosen as the objective since the vehicle structure integrity is largely influenced by these two criteria. Moreover, since it is not desirable to have many oscillations during the flight, a smoothness indicator is also chosen as the objective. Therefore, the mission objectives selected for the analysis are established as follows:
D. Constraints
For safety reasons, the spacecraft entry maneuver should satisfy different types of constraints. During the entire flight mission, all the variables should vary in their allowable range known as box constraints and it can be written as
Early studies on spacecraft trajectory design problems only used box constraints to limit the controls [28] . However, in practice, certain requirements for the rate of control variables should be considered such that the control sequence and its derivative cannot vary significantly. These requirements are achieved using the lag equations shown as follows:
Equation (8) is adhered to (5) in the evolutionary phase (will be discussed in the next section), thereby increasing the statespace order by two. For this case, α c and σ c are now treated as the control variable. In order to protect the vehicle structure integrity, three path constraints, namely aerodynamic heating, dynamic pressure, and load factor, are also taken into accounṫ
whereQ max , P max d , and n max L represent the maximum acceptable heating rate, dynamic pressure, and acceleration, respectively.
To ensure the terminal guidance, the state variable at the final time instant must satisfy the terminal constraints.
Specifically, the error of altitude, speed, and flight path angle at the final time instant should be less than a certain limit. This can be expressed as
Remark 1: It should be noted that the terminal error constraints [described in (10) ] can be removed if collocation schemes are used to discretize the dynamic model. Since for DC methods, the terminal state of the trajectory can be set to the target state, whereas for other discretization methods like multiple shooting (MS), it does not collocate the terminal state variables.
In general, for a dynamic mission profile, the no-fly zone constraints should be included for geopolitical consideration or threat/obstacle avoidance. For the case investigated in this paper, the no-fly zone constraints are described as circular exclusion zones with infinite altitude [4] , [28] . Suppose the center of the jth no-fly zone is (θ j , φ j ) and its radius is R j , then the no-fly zone constraints can be modeled as
where N zone is the number of no-fly zones.
III. EXTENDED NSGA-III ALGORITHM WITH CONSTRAINT HANDLING

A. Discrete-Time Optimal Control Model
This section presents the multiobjective optimization method used to solve the problem. It is worth noting that in [29] , Chai et al. designed and applied a fuzzy physical programming algorithm to transform multiple objectives into a single objective formulation. Subsequently, an interactive strategy was incorporated in the algorithm framework so as to better control the optimization process [30] . It was shown that this transformation technique is able to produce a compromised solution that can satisfy the designer's specific preference requirements. However, one main disadvantage of this approach is that its effectiveness is largely depended on the designer's experience and physical knowledge of the problem. If the preference regions defined by the mission planners are not accurate, then the results might not be credible.
The motivation of using MOEAs mainly relies on their ability in producing a set of approximated Pareto-optimal solution. Moreover, it is easy to implement and requires less physical knowledge of the problem. In addition, it should be mentioned that for most existing gradient-based optimal control solvers, it is assumed in the implementation that all the objectives and constraints have continuous first and second order derivatives. In some practical control problems, however, the nonlinearity and nonsmoothness of the objectives or path constraints can be high. That indicates that it is hard to obtain the gradient information for constructing the Jacobian and Hessian matrix. This problem becomes more difficult when the dimension of the objective function increases. Therefore, in order to solve the multiobjective optimal control problem constructed in Section II, an extended NSGA-III algorithm is proposed. Since the original NSGA-III algorithm has no capability in dealing with dynamic constraints (e.g., the vehicle dynamics), discrete techniques should be implemented such that the continuous-time problem can be transcribed to static NLPs. The discretization scheme applied in this paper is based on the MS technique. That is, the control variables are parameterized at temporal nodes [t 0 , t 1 , . . . , t f ]. Then, the equations of motion are integrated with a numerical integration method, e.g., the fourth-order Runge-Kutta method. For convenience, let
T denote the approximation of states at t k time instant, and ξ k stand for the step length for the kth time interval [t k , t k+1 ]. The discretized version of the continuous-time problem with constraints is then formulated as (12) in which N k denotes the number of discretized time nodes. g(x, u) represents the inequality constraints given by (7) (12) is obtained by using an s-stage MS scheme. The order conditions with respect to MS discretizations for differential equations are detailed in Table I .
Following the use of the direct MS technique, the resulting multiobjective NLP problem is solved by the NSGA-III algorithm, which is detailed in the next section of this paper.
B. Reference Points Generation
The framework of the classic NSGA-III algorithm is constructed based on the original NSGA-II approach with modifications in its selection mechanism. Both of these two techniques implement crossover and mutation operator to create the offspring generation. In addition, these two techniques use fast nondominated sorting technique to assign the nondominant rank for each individual. However, unlike NSGA-II, the maintenance of diversity among population members in the newly proposed method is preserved by creating and adaptively updating a number of well-distributed reference points.
For completeness, a brief description of the way used to select the reference points is recalled.
It should be noted that the way of choosing reference points can either be predetermined in a structured manner or specified preferentially by the decision makers. In this paper, as suggested in [31] , a systematic approach that places points on a normalized hyperplane [an (M−1)-dimensional unit simplex] is conducted such that the reference points can be equally distributed to all objective axes and have an intercept of one on each axis. The total number of reference points (H) can be determined by H = C p M+p−1 , where M denotes the index of objectives and p represents the number of divisions along each normalized objective. Take the entry trajectory optimization problem discussed in Section II as an example, if seven divisions (p = 7) is selected for each normalized performance index axis, then for an M = 4 problem, H = C 7 4+7−1 or 120 reference points will be chosen. In NSGA-III, the main aim for designing a set of reference points is to associate each population members with each of these reference points in some sense. Since the created reference points are widely distributed on the entire normalized objective space, it can be expected that the obtained individuals are widely distributed on or near the true Pareto-optimal front. The algorithm used to associate each individual can be found in [31] .
Remark 2: It should be noted that in [32] and [33] , two multiobjective evolutionary methods were tested to solve a multiobjective spacecraft orbital hopping problem. Both of the algorithms used the crowding distance mechanism to maintain the diversity of population. That is, the last front members having the largest crowding distance values are chosen. However, based on the results obtained in [32] and other literature [34] , this domination principle might lack the ability to assign sufficient selection pressures and emphasize feasible candidates, thus resulting in poor-distributed Pareto front. Since the NSGA-III algorithm uses a niching process and a set of reference points distributed widely on the entire normalized objective plane, it is likely to find near Pareto-optimal solutions corresponding to the predefined reference points. Hence, this algorithm is selected to generate the Pareto-optimal solution for the problem considered in this paper.
C. Combination of Improved NSGA-III With Runge-Kutta Discretization Scheme
By applying the MS discretization technique, a series of static NLP problem shown in (12) can be obtained. For simplicity reasons, this equation is further rewritten as
where I and E represent the total number of inequality and equality constraints, respectively. g * is the maximum allowable value for the inequality constraints and n c is the dimension of control variables. Since for MS method, only the control variables are parameterized, the optimization parameters of the corresponding NLP are the control sequences shown in (13) . One advantage of using the combination of the MS and NSGA-III algorithm for solving the multiobjective optimal control problem is that the control box constraints [described in (8) ] and equations of motion (5) can be satisfied automatically by initializing all population members within the specified lower and upper bounds and by integrating the dynamic model forward through numerical integration (e.g., RK-4). Specifically, if the initial population contains NP individuals, then all the decision variables can be generated randomly according to the limits of demanded angle of attack and bank angle [see (14) ]. This indicates that every decision variable can be in the feasible zone
Then combining all the optimization parameters, the structure of the individual can be defined by a matrix of decision variables, as shown in (15), where i = 1, 2, . . . , N p and
Moreover, another advantage of using the MS discretization scheme is that a good accuracy can also be achieved and controlled by the user if the step length of the temporal nodes is small enough [35] . In terms of the discretization scheme used in this paper, the error order can be approximated as
, in which T = t f − t 0 is the time duration of the mission.
IV. DIFFERENT CONSTRAINT HANDLING STRATEGIES
Normally, most of the spacecraft trajectory optimization problems are highly constrained. However, there is no sufficient literature on handling strict equality and inequality path constraints in a multicriteria optimal control problem since most of the existing multiobjective evolutionary solvers were developed for solving unconstrained problems. Zhang and Li [36] extended the MODE/D to a constrained MOEA/D-DE algorithm and suggested to use a penalty function P to handle constraints. However, it is usually difficult to find a proper balance between the objective term and the path constraint violation term for the studied problem.
To effectively deal with the infeasibility of the control sequence, this paper applies the definition of constraint violation degree V and this will be the primary metric used for the constraint handling strategies illustrated in the following sections [19] . In terms of the inequality constraints described in the optimization model (13), the violation degree for relation "≤" (i.e., g j (u) ≤ g * j ) can be defined as
where g j (u) represents the jth constraint value for each individual. Based on (16) , the tolerance range is (g * (16) , its violation degree value should equal to 0.
For equality constraints (i.e., h k (u) = h * k ), the tolerance region (h min k , h max k ) can be chosen based on the minimum and maximum constraint value for the individual. Therefore, the relation "=" is defined as
Then the constraint violation for each individual in the current generation can be calculated as
Based on the violation degree function established above, each individual can be associated with all the constraints. The magnitude of the solution infeasibility can be directly reflected by the value of the violation function.
A. Superiority of Feasible Solution Method
The superiority of the feasible solution (SF) constraint handling strategy is introduced in this section. From (18) , the violation degree of the ith individual is the sum violation of all the constraints, and based on this definition, the V-based dominant rule " " can be given by the following definition.
Definition 1 [37] (V-Based Dominant Rule " "): For two individuals u 1 and u 2 in the current population, u 2 is said to be dominated by u 1 if and only if one of the following relationships is satisfied. (b). Generate offspring population Q G by using the 8: recombination and mutation processes [31] ; 9: (c). Combine Q G with P G to obtain R G (e.g. R G = 10:
(d). Specify the problem type by checking the violation 12: degree of individuals: 13: if Problem type = 0 then 14: Get all non-dominated ranks by sorting the 15: violation degree. 16: end if 17: if Problem type = 0.5 or 1 then 18: assign all non-dominated ranks using the 19: V-based dominant rule. 20: end if 21: (f). Select the best N p individuals as the candidates of 22: the new generation S G via reference point- 23: based selection operation [38] ; 24: (g). Set G = G + 1; 25: end for 26: Output the optimal control Pareto solution; be noted that for highly constrained spacecraft trajectory optimization problems, it is likely that all of the individuals among the population are the infeasible solution in the first several generations. Then, three problem types can be introduced. If all the individuals in the current population are infeasible solutions, the problem type is set to 0, whereas if some of the individuals are feasible solutions, the problem type is set to 0.5. Correspondingly, Problem type = 1 means all the candidates among the population are feasible solutions. To improve the algorithm efficiency, for the first several generations (Problem type = 0), the nondominant rank can be simply assigned by sorting the violation degree of the individuals such that the computational complexity can be reduced. Suppose the NSGA-III algorithm, together with the SF strategy, is adopted to solve a typical high index spacecraft trajectory optimization problem defined in Section II, the overall optimization procedure is summarized in the pseudocode (see Algorithm 1).
B. Penalty Function-Based Method
Another constraint handling strategy that can be applied to deal with infeasible solutions is the penalty function (PF)-based method. By applying the violation degree information, this approach transforms a constrained problem into an unconstrained version. To penalize the infeasible solution among the population, a constraint violation term is introduced to form an augmented fitness function. This process can be given by
if all constraints can be satisfied J(u) + P, otherwise where the penalty term is P = c(
where c stands for a positive constant named penalty factor. After calculating the augmented fitness function for each individual, the classic nondominant sorting process will be processed to rank all the candidates. Compared with the SF strategy, the PF method tends to have better capability to maintain the population diversity. This is because in SF, feasible solutions can always dominate the infeasible one. As a result, some "good" infeasible solutions will be removed from the population. If a problem contains disconnected feasible regions, the SF method might not perform properly [26] .
C. Multiobjective Constraint Handling Technique
The multiobjective constraint handling strategy (MOCH) is based on the concept of multiobjective optimization. It transcribes the constrained multiobjective problem into an unconstrained version by defining the total constraint violation value as an additional objective, thereby increasing the objective space by one. More precisely, for the problem considered in this paper, we can define
Different from the PF technique, the tuning process of the penalty factor is no longer necessary for MOCH. However, one of the main disadvantages with respect to this strategy is that it may result in a significant increase in terms of the processing time. Besides, the extra number of objective has negative influences in terms of searching procedures [23] .
The aforementioned three constraint handling methods are all established and embedded in the proposed evolutionary optimal control solver. In this paper, we are interested in finding the most suitable constraint handling method to help the infeasible trajectories to quickly move toward the feasible path region.
D. Computational Complexity Analysis
The computational complexity of one generation of the proposed algorithm for solving trajectory optimization problems is presented in this section. Since each individual in the population represents a trajectory, the initialization of all the trajectories using multiple-shooting scheme requires O(sN p N k ) computations, where s is the number of inner steps in the Runge-Kutta scheme (e.g., if fourth-order Runge-Kutta scheme is used, then s = 4). According to [31] , the calculation and normalization of objectives require O(M 2 N p ) computations, whereas O(MN 2 p ) computations are needed for the association of population members with reference points.
The computational complexity of the three constraint handling strategies is then analyzed. O(N p E) and O(N p I) computations are required to calculate the equality and inequality constraints of a 2N p population members, respectively. If the PF method is chosen as the constraint handling method, the calculation of the augmented fitness function requires O(N p ) operations. Based on the augmented fitness value, the classic nondominant sorting process will be implemented to rank all the candidates, and this requires O(N p log M−2 N p ) operations [39] . For the SF method, as indicated in Algorithm 1, the identification of the problem type requires O(N p ) operations. Once the problem type is determined, the operation times for Problem type = 1 are O(N p log M−2 N p ), which is the same with the classic nondominant sorting. For Problem type = 0.5, the worst-case computational complexity can be reduced to
where N inf stands for the number of infeasible solutions among the current population. As for Problem type = 0, the worst-case computational operation is O (N p log N p ) . From the complexity analysis, it is obvious that for Problem type = 0.5 and 1, the operations required for the SF strategy are less than that of PF.
Essentially, the SF method divides the solution-finding process into two steps: 1) finding feasible candidates and 2) optimizing the objectives. In the first step, the only information used is the constraint violation value. It considers that any feasible solution can be better than the infeasible one. This allows that the SF algorithm can get quickly rid of infeasible solutions.
As for the MOCH approach, since the total constraint violation value is treated as an additional objective function, the objective space is increased by one and the problem becomes an unconstrained version. Therefore, the computational complexity of the sorting process is increased to O(N p log M+1−2 N p ), which is generally higher than the SF and PF methods.
V. EXPERIMENTAL RESULTS
In this section, the simulation results of the proposed algorithm on the four-objective spacecraft entry trajectory optimization problem described in Section II are presented. Table I .
Remark 3: For most optimal control problems, since the problem may have discontinuous points or nonsmooth segments, the quality of solution tends to be affected by the mesh refinement process. This process is designed to analyze if the current temporal set is reasonable and adaptively update the temporal set. However, it is difficult and unrealistic to incorporate this process in an evolutionary-based NLP solver. Therefore, to decrease the effect of nonsmoothness segments and discontinuity points, a large number of time nodes, which is uniformly distributed along the whole time history, are chosen and fixed as the discrete temporal points.
A. Performance Evaluation Indicators
To evaluate the performance of the constructed method, certain evaluation metrics established in the multiobjective domain should be introduced and adopt. Two performance metrics that have been widely applied are the inverted generational distance (IGD) and the hypervolume (HV) value. For completeness, these two performance metrics are introduced. 1) IGD [40] : The IGD is an indicator that has been favored by researchers. This value reflects both the convergence and diversity of the obtained Pareto-optimal solution.
To calculate this performance metric, the information of the true Pareto front should be utilized. However, this information is usually unavailable for most practical multiobjective engineering optimization problems. 2) HV [40] : The HV value of the calculated Pareto front is the size of the objective space dominated by those solutions. This indicator can be used to reflect the spread of the approximated solution on the objective space. To compute the HV metric, the following equation can be applied:
in which Leb(·) denotes the Lebesgue measure. R = [R 1 , R 2 , . . . , R M ] T represents a reference point which is dominated by all points on the Pareto front. Compared with the IGD indicator, one important advantage of using the HV metric is that it does not rely on the true Paretooptimal solution. Therefore, in this paper, the HV value is applied as the primary performance metric for the experimental study.
B. Performance of Different Constraint Handling Methods
As discussed in Section IV, a comparative study in terms of the performance of different constraint handling strategies is first carried out. Three mission cases are tested in order to illustrate the performance of constraint handling methods under different path constraint settings. These mission cases are summarized as follows.
1) Case 1: different constraint handling methods. The corresponding statistical results are tabulated in Table II. This table contains three indicators. The first indicator I fst is the average iteration for finding the first feasible solution, while the second indicator I all represents the average iteration for making all the population member feasible. The third indicator N f stands for the average number of Pareto-optimal solutions obtained.
As can be seen from the statistical results, the SF method can generally perform better than its counterparts in terms of finding feasible solutions for different mission cases. Based on the N f results, it can be observed that getting rid of the infeasible solution quickly can have positive influences in terms of obtaining more Pareto-optimal solutions for the multiobjective spacecraft entry trajectory design problem. Moreover, when the constraint condition becomes tighter, the MOCH method might fail to drive all candidate solutions into the feasible region, thereby resulting in a limited final Pareto set. Therefore, although the use of SF might lose population diversity compared with PF and MOCH techniques, it tends to be more competitive for handling the investigated problem with various mission constraints.
C. Flight Trajectory Problem Without No-Fly Zone Constraint
This section presents the optimal results obtained using the extended NSGA-III algorithm. As analyzed in Section V-A, the SF technique is implemented as the constraint handling strategy. Prior to displaying the optimal trajectory in detail, the relationship between different objectives is analyzed. From the objective and system equations [e.g., (5) and (6)], it can be analyzed that an increase in the cross range φ will result in a slower deceleration, thereby generating more heat load. Hence maximizing the final latitude (cross range) and minimizing the aerodynamic heating are conflicting objectives. In addition, it is worth noting that the maximum heat flux value is usually achieved at the point where the vehicle completes the first descent phase. Minimizing the maximum heat flux value tends to enlarge the magnitude of the continuing skip hops so as to achieve the final velocity value, which means the path smoothness will be sacrificed. Thus, minimizing the heat flux and minimizing the path smoothness indicator are also conflicting objectives.
The optimal trajectories obtained without considering the no-fly zone constraint are first presented. Based on the vehicle dynamics, mission objectives, and constraints illustrated in Section II, the results in the last population are shown in Figs. 1 and 2 .
As can be observed from Figs. 1 and 2, the proposed multiobjective optimal control solver manages to generate state trajectories between the predetermined initial and final conditions without violating path constraints. Therefore, the thermal and structural safety of the entry vehicle can be guaranteed, which is the prerequisite for the validity of an optimal control solver to spacecraft trajectory optimization problems. To effectively capture the true behavior of the flight vehicle, a high density of mesh grids is required. However, the high density of nodes tends to have negative influences in terms of evolution and convergence processes. One way to handle this problem is to introduce the lag equation, as described in (8) . The function of the lag equation is similar to a first-order filter that can filter the control input signal and make the trend in the actual control history smoother. This is apparent in Fig. 1 (see the  bank angle profile) .
Since all the trajectories in the final population are feasible solutions, the next step is to verify the Pareto-optimality and improvement of the proposed algorithm over other multiobjective solvers. An attempt is made to compare the solutions obtained using the proposed method, MOPSO [41] and MOEA/D [21] approaches on maximizing final latitude versus minimizing heating panel. Nonoptimal results may produce higher heat loads than necessary for a desired cross range. Fig. 3 shows the Pareto fronts obtained by different evolutionary approaches investigated in this paper. As illustrated in Fig. 3 , the improved NSGA-III algorithm generally preforms better than other multiobjective heuristic solvers for solving the multicriteria trajectory planning problem since the Pareto set calculated by applying the proposed technique can cover the Pareto front calculated using other heuristic algorithms. More precisely, the first front set (rank 1) obtained by the proposed algorithm contains 49 Pareto-optimal solutions, whereas there are only 39 and 23 Pareto-optimal solutions calculated using MOEA/D and MOPSO lying on the first front, respectively. In addition, the distribution of Pareto fronts obtained using the extended NSGA-III is more uniform in the objective space. This is because the supply of a set of welldistributed reference points and the niching methodology in searching Pareto-optimal solutions associated with every reference point have made the diversity preservation of obtained solutions more efficient and reliable. Tables III and IV . Specifically, the final boundary results are shown in Table III , whereas the objective results are shown in Table IV . It can be observed from Table III that compared with other MOEA solvers, the proposed strategy tends to have a robust and stable behavior in terms of achieving the final boundary conditions.
Regarding the specific efficiency of the calculation, the average processing time for the optimization procedure is about 1 h 12 m (4331.2 s). It is important to remark that for practical spacecraft guidance and control systems, the design of optimal flight trajectories is usually carried out offline. In addition, if parallel computing or high-performance computers can be implemented to optimize the flight path, this processing time can be further decreased.
D. Flight Trajectory Results With Tighter Path Constraints
To further test the performance of the solver and constraint handling strategy, another mission scenario (case 2) which sets tighter requirements on the path constraints was carried out using the improved NSGA-III algorithm. In this case, the aerodynamic heating, dynamic pressure, and load factor constraints are restricted to [Q max Tables V and VI, respectively. From Fig. 4 , the obtained state and control profiles are smooth enough and can vary in their tolerant set during the entire time history. It should be noted that one important factor that can have significant influences in the results is the atmospheric model ρ. Similarly with the result presented in Fig. 2 , the path constraint profiles, together with the ρ profile, are displayed in Fig. 5 . From Fig. 5 , it is obvious that the dynamic pressure and load factor constraint values increase significantly as ρ increases. This phenomena affects the characteristic of the altitude, flight path angle, and bank angle trajectories shown in Figs. 1 and 4 . For example, after around 1500 s, the altitude profile tends to be much smoother, which is mainly influenced by the flight path angle. This can be explained by the fact that the oscillations in the trajectory tend to make the dynamic pressure and load constraints becoming active. In order to decrease these two constraint values, the variance of the flight path angle should be decreased and this is mainly achieved by increasing the bank angle gradually.
According to the results shown in Tables V and VI, the proposed solver can again achieve smaller final state errors and better objective results than other multiobjective algorithms. In addition, Fig. 6 gives the Pareto fronts obtained by the three approaches on maximizing final latitude versus minimizing heating panel. Again, the improved NSGA-III performs better than its counterparts since the Pareto front obtained using improved NSGA-III can cover fronts calculated using other methods and tends to be well-distributed. Specifically, for this case study, the improved NSGA-III algorithm obtains 37 Pareto-optimal solutions in the first front set, while the first front set calculated using MOEA/D and MOPSO approaches only contains 34 and 18 elements, respectively. Therefore, although all the evolutionary-based solvers considered in this paper can be applied to generate feasible solutions for solving multiobjective trajectory optimization problems, the improved NSGA-III approach has quicker convergence speed and better global search ability under limited computational power. This further confirms that the designed method can have the advantage over other evolutionary-based multidiscipline solvers considered in this paper.
E. Flight Trajectory Problem With No-Fly Zone Constraint
In this case scenario, the no-fly zone constraint is taken into account during the entry phase (case 3). The testing of the results is to determine how well the numerical solution obtained using the proposed algorithm avoids different types of constraints and achieves multiple performance indices. From the results, the maximum value of heating, dynamic pressure, and load factor among all the population is 154.93, 279.56, and 1.4268, respectively. All the final state errors are in the tolerance region [defined in (10) ], and the violation degree of no-fly zone path constraints is equal to 0. That means that the proposed algorithm can also be effective for this mission case. To better illustrate the no-fly zone constraints, the position profile has been plotted in Fig. 7 with the solution without considering no-fly zone constraints.
The time history with respect to the three no-fly zone path constraints is illustrated in Fig. 8 , where the first no-fly zone path constraint becomes active [shown in (11) ] at around 500 s, while the second and third no-fly path constraints become active at around 1000 and 1300 s, respectively. In order to avoid the no-fly region, the vehicle should use a higher longitudinal acceleration, thereby allowing more flexibility on the lateral direction. Compared with state and control variables shown in Fig. 1 , the bank angle tends to increase slower when the time past 500 s. This can result a smaller heading angle of the vehicle, which implies that the variance of longitude tends to increase, whereas the variance of latitude tends to decrease. Moreover, a higher speed of the vehicle can also have positive influences in terms of increasing the acceleration of longitudinal speed. Therefore, the variance of longitude tends to become higher than the one without considering no-fly zone constraints.
To better investigate the performance of different multiobjective methods, the statistical results of the HV metric obtained using different algorithms for the three mission cases are analyzed. By setting the reference point R as R = [28.5, 150, 1.5, 200] T , the HV results are then tabulated in Table VII .
From this table, it is clear that the extended NSGA-III method can generally outperform the other two MOEAs in terms of HV for the three flight mission cases. Therefore, it can be concluded that it advantageous to implement the proposed algorithm for addressing the multiobjective spacecraft entry trajectory design problem.
VI. PARAMETER ANALYSIS
In this section, the impact of different variables on the obtained Pareto solutions will be studied. The analysis includes: 1) the impact of the initial population; 2) the impact of the uncertain variables V and m; and 3) the influence of the number of discretization node N k .
A. Impact of Initial Population N p
The impact of the initial population is first studied. As suggested in [31] , the population size of the NSGA-III algorithm should be assigned as the smallest multiple of four greater than H = C p 4+p−1 . Hence, the testing size levels are assigned as N Table VIII. As can be observed from Table VIII , under a relatively small population setting, the MOEA/D algorithm has the best performance among the three algorithms investigated in this paper. However, when the population size experiences an increase, the performance of the presented approach becomes better than its counterparts. This indicates that the developed algorithm tends to work well if a relatively large population size setting can be available for the optimization process.
B. Impact of Uncertain Variables
This section analyzes how the uncertain variables affect the Pareto results. Specifically, when the vehicle enters the atmosphere, the vehicle's mass m may experience a fraction. Therefore, an uncertain assessment is first performed with regard to the uncertain mass value.
Take mission case 1 as an example, we randomly pick a point from the obtained Pareto front shown in Fig. 3 (e.g., p 1 (J 1 , J 2 ) = [32.05, 118.37]). When mass uncertainty is introduced into the problem (e.g., δm = +10%), the resulting uncertainty-perturbed objective values become [J 1 ,J 2 ] = [32. 13, 121 .61], which is deviated from the original Pareto front result. This further confirms that it is necessary to carry out an uncertain assessment. By setting the mass value uncertainty as δm = +5% and δm = +10%, the updated Pareto front result is displayed in Fig. 9 , from where it can be seen that as δm increases, the obtained Pareto front result moves away from the original Pareto solutions. Therefore, it is meaningful to take into account the mass uncertainty in the practical design of optimal spacecraft entry trajectories.
Another uncertain assessment is also performed to investigate the impact of the uncertain variable V. It is worth noting thatV is a function of gravity acceleration g, which is treated as a constant in the previous experiments. To capture more reality, g is modeled as g = μ/r 2 in the analysis. By performing the simulation, it was found that the difference between using a constant g and g = μ/r 2 in theV(g) equation is not obvious.
C. Impact of N k and Other Discretization Schemes
The effect of the number of discretized time nodes N k is analyzed in this section. Since the objective value of J 2 will experience a significant variation during the evolutionary process, the goal attainment value of J 2 is used as the indicator to evaluate the convergence speed of the evolutionary process. The goal attainment value μ J 2 is calculated by μ J 2 = 1−[(J 2 −J * 2 )/(J max 2 −J * 2 )], where J * 2 and J max 2 are set to 135 and 1000, respectively. By specifying N k = (100, 150, 200, 250), the result is presented in Fig. 10(a) . Fig. 10(a) displays the result on the generation versus goal attainment value plane. As discussed in Section III, the continuous-time system is discretized at temporal nodes. As a result, a larger N k can improve the approximation accuracy of the state and control trajectories. However, a larger N k will increase the number of optimization parameter and therefore, it might have negative influences in terms of the convergence speed of the optimization process. As shown in Fig. 10(a) , the speed of achieving a higher goal attainment value experiences a decrease as the number of N k increases.
An attempt is made to apply the NSGA-III method with other discretization algorithms, such as the DC analyzed in [11] , the GP method outlined in [13] , and a modified Chebyshev pseudospectral technique reported in [12] . By setting N k = (40, 60, 80), the results are displayed in Fig. 10(b)-(d) . From the results, it can be found that compared with other discretization schemes, applying the MS-based NSGA-III algorithm can achieve satisfactory results in fewer iterations and it has the flexibility to use a relatively large temporal set. This is because in DC and pseudospectral methods, both the state and control variables will be discretized and consequently, the equations of motion are transcribed to a series of algebraic equations (equality constraints). This implies that the resulting number of optimization parameters and equality constraints tends to be large and cannot be satisfied automatically. For a given optimal control problem which contains n s state variables and n c control variables, if N k collocation points are used to parameterized the problem, then the number of NLP decision variables will be n s × (N k + 1) + (n c × N k ). This number is relatively large compared with applying MS method n c × N k . When an NLP problem contains too many optimization parameters and equality constraints, it tends to consume the evolutionary solver a large amount of iteration times to capture the true behavior or even fail to satisfy all of the constraints. Therefore, it is recommended to use the stochastic-based solvers with the MS discretization scheme, which can eventually reduce the number of equality constraints and achieve enhanced convergence performance.
VII. CONCLUSION
In this paper, an MS-based NSGA-III algorithm was designed to address the multiobjective spacecraft trajectory optimization problem. Several constraint handling algorithms were embedded in the proposed framework to deal with various mission constraints. Comparative simulations with other typical evolutionary multiobjective solvers were carried out, and the results demonstrate that the proposed approach can generate more well-distributed Pareto fronts and has a better convergence performance than the other algorithms.
An important concern coming from the implementation of this approach is the threats of validity. For example, the randomness caused by stochastic process with respect to control variables can be regarded as one possible internal threat of validity. To address this issue, the lag equation is used to smooth the control profile. This mechanism allows users to apply a large number of temporal nodes, thereby decreasing the error order of the MS scheme and restricting the control rates. In addition, the generalizability of the result can also be considered as an external threat. By testing the proposed solver for various challenging mission scenarios, all the obtained results are still promising. Therefore, it can be concluded that the extended NSGA-III method can be an effective and reliable alternative to produce optimal control profiles of the multiobjective spacecraft entry trajectory planning problem.
